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ABSTRACT
Observations show that stellar streams originating in satellite dwarf galaxies are fre-
quent in the Universe. While such events are predicted by theory, it is not clear how
many of the streams that are generated are washed out afterwards to the point in which
it is imposible to detect them. Here we study how these diffusion times are affected by
the fact that typical gravitational potentials of the host galaxies can sustain chaotic
orbits. We do this by comparing the behaviour of simulated stellar streams that reside
in chaotic or non-chaotic regions of the phase-space. We find that chaos does reduce
the time interval in which streams can be detected. By analyzing detectability criteria
in configuration and velocity space, we find that the impact of these results on the
observations depends on the quality of both the data and the underlying stellar halo
model. For all the stellar streams, we obtain a similar upper limit to the detectable
mass.
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1 INTRODUCTION
Observations show that the destruction of dwarf satellite
galaxies due to tidal fields associated to the gravitational
potential of the host galaxy is frequent (Mantha et al. 2018;
Conselice et al. 2009; Kauffmann & White 1993). Stellar
streams are unavoidable consequences, either permanent or
transitory, of this type of interaction (Morales et al. 2018;
Shipp et al. 2018; Mart´ınez-Delgado et al. 2008). Although
the main mechanism of stream formation and its relevance
to the understanding of the origin and evolution of the Milky
Way (MW) are well understood (e.g. Davies & Wright 1977;
Wright 1972; Helmi et al. 1999; Helmi & White 1999), there
is still much to be done on the application of stellar streams
to galactic archaeology and cosmology. For instance, the
properties of streams can be used to put constraints on the
structure and evolution of the stellar and dark matter haloes
of galaxies (Helmi et al. 2017; Malhan et al. 2018; Bovy 2016)
as well as on the nature of the dark matter particles them-
selves (Banik et al. 2018). Regarding the intrinsic aspects of
stellar streams, Amorisco (2015) made a theoretical and nu-
merical characterization of three observable quantities: the
speed of the stream’s growth, the internal coherence of the
stream, and its thickness or opening angle within and out-
side the orbital plane. Moreover, Hendel & Johnston (2015)
and Karademir et al. (2019) have demonstrated that it is
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posible to relate orbital parameters of the orbits with their
morphology: shell–like or string–like shapes.
The study of stellar streams can be simplified by tak-
ing into account that the dynamics of the stars once they
have been pulled out of the satellite depends almost ex-
clusivelly on the properties of the gravitational potential
of the host (i.e. self–gravity of the streams is negligible).
Thus, we can apply tools and theorems that were built in
the past for Hamiltonian systems with few degrees of free-
dom. Among them, chaos theory (Contopoulos 2002) is a
well developed branch of study that has played a big role
in many astrophysical theories, such as in Solar System dy-
namics (Morbidelli 2010; Tsiganis et al. 2005), multi–planet
extrasolar systems (Mart´ı et al. 2013; Beauge´ et al. 2012),
barred spiral galaxies (Contopoulos & Harsoula 2012; Voglis
et al. 2006) and galaxy haloes (Zhu et al. 2017; Vallejo &
Sanjuan 2016; Carpintero et al. 2014; Efthymiopoulos et al.
2007; Siopis & Kandrup 2000; Valluri & Merritt 1998; Mer-
ritt & Valluri 1996). And the field of stellar streams belongs
to this group since the early works of Hunter (2005), Fux
(2001) and Dehnen (2000). Recently, Maffione et al. (2018,
2015) have shown that for stellar streams in the solar neigh-
bourhood the effect of the chaotic mixing is negligible, in
the sense that the proportion of erased substructure during
a Hubble time is not significant. This is not in contradic-
tion with the evidence about chaos affecting the morphology
of streams whose progenitors are globular clusters (Bonaca
et al. 2019; Price-Whelan et al. 2016a,b; Sesar et al. 2015;
c© 2019 The Authors
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Fardal et al. 2015; Pearson et al. 2015). This type of tidal
streams are thinner and dynamically colder (Pearson et al.
2019; Lux et al. 2013) than those originated from dwarf satel-
lite galaxies and the overall impact of chaos on streams born
from these heavier progenitors is still uncertain.
Here we study the relation between chaos and streams
originated in dwarf–sized satellite galaxies embedded in the
dark halo of a host galaxy similar to the MW. We do this by
comparing the evolution of simulated streams that reside in
chaotic and non-chaotic (regular) regions of the potential of
the host. We measure the detectability of the streams by ap-
plying a simple criterion in either configuration or velocity
space. We find that the presence of chaos does have an im-
pact on the stream evolution. Streams that evolve in chaotic
regions of the potential have shorter spans of detectability.
We also find that the significance of this effect depends on
details of the detectability criterion and the quality of the
underlying stellar halo model.
A detailed description of the set up of the simulations is
provided in Section 2. Our analysis techniques and definition
of the detectability criterion that we applied to the data are
presented in Section 3. The results of our work are given
in Section 4. Finally we discuss the results and conclude in
Section 5.
2 SIMULATIONS
We study the impact that chaos has in the evolution of tidal
streams by analysing simulated streams. The simulations
consist in the N-body integrations of the trajectories of dark
matter particles of a dwarf galaxy in a smooth gravitational
potential that represents the Milky Way. The integrations
were made with the code gadget-2 (Springel 2005). In or-
der to work with a realistic satellite, we determine the initial
conditions of its constituent particles to be consistent with
a classical MW satellite (Wolf et al. 2010) such as Sculptor.
2.1 Host galaxy
The host galaxy is defined as a smooth analytic potential
which we chose to be a generalized NFW potential (Navarro
et al. 1997;  Lokas & Mamon 2001):
Φ(x) =Φnfw(k(x)) =−GM200f (c)
ln(1+ k(x)/rs)
k(x)
, (1)
where G is the gravitational constant, M200 is the virial mass,
c is the concentration parameter, rs is the virial radius (r200)
in units of the concentration, k(x) parametrizes the aspheric-
ity of the halo and the free function f is given by f (c) =
ln(1 + c)− c(1 + c)−1. We ussumed the following parame-
ters: G = 4.3009× 10−6 kpc km2 s−2, M200 = 1.5× 1012 M
(r200 = 242.40 kpc), which are consistent with Dehnen et al.
(2006) and Watkins et al. (2010) together with c = 11.27 in
agreement with Burkert & Silk (1999) so that rs = r200/c =
21.51 kpc.
The generalization of the spherical potential is given by
a smooth transition between an axisymmetric potential in
the inner region and a triaxial one in the outskirts, which is
parametrized as follows
k(x) =
(
1+ rt(x)/rg
1+ ra(x)/rg
)
ra(x),
where we assumed a transition radius rg = 1.2rs ≈ 25.81 kpc,
as in Hayashi et al. (2007). The same parametrization was
applied by Vera–Ciro & Helmi (2013) to a logarithmic po-
tential (see also Vogelsberger et al. 2008). The function ra
that parametrizes the axisymmetric dependence was taken
from Johnston et al. (2005):
ra =
√
x2 + y2 +(z/qz)2,
where qz = 0.93 is consistent with fits to M-giants selected
from the Two Micron All Sky Survey (2MASS) that corre-
spond to tidal debris in the Milky Way, performed by the
same authors.
The other free function rt provides the triaxial depen-
dence and was taken from Law & Majewski (2010):
rt =
√
C1x2 +C2y2 +C3xy+(z/q3)2, (2)
were
C1 =
cos2α
q21
+
sin2α
q22
,
C2 =
cos2α
q22
+
sin2α
q21
,
C3 = 2cosα sinα
(
1
q21
− 1
q22
)
.
For the free parameters in these expresions, we chose val-
ues that were obtained by the same authors as best fit pa-
rameters to data of the Sagittarius dwarf galaxy: α = 97◦,
q1 = 1.38, q2 = 1 and q3 = 1.36. Although Deg & Widrow
(2013) found a model with similar shape and extreme orien-
tation relative to the galactic disc, it is unstable according
to Debattista et al. (2013) and thus improbable in stan-
dard cosmological simulations. The works of Pearson et al.
(2015), Deg & Widrow (2014) and Vera–Ciro & Helmi (2013)
provide further details about the unrealistic character of this
model (i.e. the Law & Majewski 2010 triaxial potential with
constant axial ratios). In spite of this, our aspherical MW
halo model given in Eq. 1 is an example of a non–integrable
gravitational potential whose phase–space is inhabited by
regular and chaotic orbits, thus serving for the purpose of
this research.
2.2 Orbits of the progenitors
We integrated 12 satellites whose centre of mass have initial
conditions given in either chaotic or regular regions of the
phase–space of the smooth host potential. Since the accesible
regions of the phase–space are too extense to make a com-
prehensive dynamical study (i.e. they are six dimensional
and unbounded), we decided to focus on the typical orbits
that give birth to minor mergers. This is done by imposing
a condition on the initial circularity η of the orbits.1 So, for
all the orbits we fixed η = 0.54 which is the most proba-
ble value obtained in the cosmological simulations of Wetzel
1 We define this parameter as the ratio between the specific an-
gular momentum of the orbit under consideration and that of a
circular orbit (which is solution of a spherical NFW potential with
the same virial mass and concentration of the halo studied here)
with the same specific energy.
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Figure 1. Chaoticity and selection of initial conditions for the satellites in configuration space. Each panel corresponds to a different
value of the galactocentric distance r0. The background colours correspond to the Lyapunov exponent, L, used to classify the orbits as
regular (red) or chaotic (orange, blue and white). Each black point corresponds to the initial position of the centre of mass of a progenitor
(circles and squares for regular and chaotic orbits respectively). In all the cases, the inital velocity of the center of mass of the satellites
is a horizontal vector pointing to the right.
Table 1. Initial conditions for the centre of mass of the progenitors, radius of the equivalent circular orbit, largest Lyapunov characteristic
exponent, classification and Lyapunov time (only for the chaotic ones), minimum pericentric distance, mean pericentric distance and its
standard deviation.
# Sat r0 [kpc] φ0 [◦] cosθ0 v
φ
0 [km s
−1] rc [kpc] L [Gyr−1] Classification TL [Gyr] rmin 〈rp〉 σp
1 30 52.8 0.113 67.46 19.87 0.3344 Chaotic 2.99 2.13 9.31 3.12
2 30 141.6 0.083 67.46 19.87 0.3229 Chaotic 3.12 1.97 9.04 3.29
3 30 172.8 0.797 67.46 19.87 0.0053 Regular — 7.06 11.25 1.86
4 30 147.6 0.550 67.46 19.87 0.0060 Regular — 5.62 9.91 2.09
5 50 49.2 0.000 70.06 32.50 0.2380 Chaotic 4.16 4.61 12.37 5.37
6 50 142.8 0.210 70.06 32.50 0.2271 Chaotic 4.42 4.58 12.79 3.43
7 50 139.2 0.530 70.06 32.50 0.0047 Regular — 5.74 13.07 3.50
8 50 171.6 0.790 70.06 32.50 0.0054 Regular — 12.14 16.33 1.86
9 80 52.8 0.057 69.57 51.05 0.1766 Chaotic 5.72 7.80 17.79 6.17
10 80 144.0 0.000 69.57 51.05 0.1711 Chaotic 5.85 3.54 12.83 7.34
11 80 147.6 0.757 69.57 51.05 0.0041 Regular — 16.48 20.29 3.36
12 80 175.2 0.887 69.57 51.05 0.0044 Regular — 18.644 21.25 2.50
(2011). As we are interested in probing different galactocen-
tric scales, we launch the orbits from apocentres at three
typical distances: 30, 50 and 80 kpc. Working with spherical
coordinates r (radius), θ (polar angle), φ (azimutal angle)
and velocities vα (α = r,θ ,φ), this condition translates into:
vr0 = 0,
r0 = 30, 50, 80 kpc, (3)
where the null subscript denotes an initial value. These apoc-
entric distances are inside the present host virial radius so
they are different from the true apocentres at infall. We in-
terpret them as effective values compatible with the energy
and angular momentum of the corresponding orbit (Wetzel
2011).
For simplicity, we set all the initial velocity vectors to
be parallel to the z=0 plane, so that
vθ0 = 0. (4)
Finally, considering the definition of circularity η and Eqs. 3-
4, we arrive to an equation for the equivalent circular radius
rc together with an expression for the initial (azimutal) ve-
locity:
0 =
1
2
[
1− r
2
c
r20
η2
]
f (rc/rs)
rc
− ln(1+ rc/rs)
rc
+
ln(1+ r0/rs)
r0
,
vφ0 = η
√
GrcM200
r0
√
f (rc/rs)
f (c)
. (5)
We have thus obtained three surfaces of initial conditions
with each one being a sphere in configuration space with ra-
dius equal to r0 and parametrized by the two angular vari-
ables, θ0 and φ0.
Now it is possible to study the phase–space structure
of these surfaces through a classical chaos indicator. Fig. 1
shows colour coded the largest Lyapunov characteristic ex-
ponent L at finite time (Benettin et al. 1980; Skokos, C.
2010) in the plane (φ0,cosθ0). The higher the value of this
indicator, the more chaotic the orbit is. These orbits and
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their associated variational equations (necessary to calcu-
late L) were integrated for 1000 Gyr with the eight order
symplectic integrator presented in Schlier & Seiter (2000).
The time step chosen for the integrations was ∆t = 0.1 Myr.
We repeated the analysis using the smaller alignment index
(Skokos 2001; Skokos et al. 2003, 2004), which is an alter-
native way of measuring the chaoticity of a system. Results
obtained with both estimators are consistent. Chaotic or-
bits amount to 49%, 44% and 32%, respectively for each
panel. For each apocentric distance, we selected two of the
most chaotic orbits and two of the least chaotic (i.e. most
regular) orbits. Table 1 shows the values of these initial con-
ditions for the centres of the satellites. The table also shows
the radius of the equivalent circular orbits, the value of the
Lyapunov exponent and the classification that we infer from
it. Only for the chaotic cases we include the Lyapunov time
TL, which is an estimation of the time it takes for two in-
finitely close orbits to diverge from each other by a factor e.
In other words, it is inversely proportional to the degree of
chaos of the orbit. Besides, we give the value of the smallest
pericentric distance rmin, the mean pericentric distance 〈rp〉
and the corresponding standard deviation.
2.3 Structure of the progenitors
The initial conditions for the N = 106 dark matter parti-
cles of the satellite were drawn from a Plummer distribu-
tion (Plummer 1911), whose mass inside a given radius r is
given by:
Mdm(r) =
Mdm[
1+(bdm/r)2
]3/2 .
We assumed the following values for the total mass Mdm and
the length scale bdm:
Mdm = 1.6×108 M,
bdm = 0.62 kpc,
which are consistent with the Sculptor galaxy and were fixed
by taking into account constraints on the dark matter mass
at two different radii provided by Wolf et al. (2010) and
Breddels et al. (2013):
Mdm(r1/2 = 0.375 kpc) = 2.25×107 M,
Mdm(1 kpc) = 108 M,
where r1/2 is the half-light radius.
Although the evolution of the barionic component is
not considered in the N-body simulations, the stellar mat-
ter can be tracked through an association with the most
tightly bound material in the dark matter halo. Specifically,
each dark matter particle is labelled with a given value of
stellar mass applying the method of Bullock & Johnston
(2005), as follows. We assume that the stellar component is
initially distributed as an isotropic Plummer sphere of mass
M? and length scale b? and that it does not contribute to
the gravitational potential. In this way, denoting the Plum-
mer density and potential as ρ?(r) and ΦDM(r), the stellar–
to–dark mass ratio of a particle of relative specific energy
ε =−(ΦDM(r)+v ·v/2) is given by
ϒ(ε) = f?(ε)/ fDM(ε),
where
fDM(ε) =
24
√
2b2DM
7pi3G5M4DM
ε7/2,
f?(ε) =
1√
8pi2
∫ ε
0
d2ρ
dΨ2
dΨ√
ε−Ψ ,
are respectively the dark matter and stellar phase–space
distribution densities (rewritten as functions of ε), with
ρ ≡ ρ?(r(Ψ)), Ψ≡ΨDM =−ΦDM and
ρ?(r) =
3M?
4pib3?
1[
1+(r/b?)2
]5/2 .
Gilmore et al. (2007) showed that for any Plummer
sphere that models matter in which mass follows light, the
observed 2D projected half–light radius, r2D, is exactly the
scale parameter b?. Moreover, according to Sanderson et al.
(2015) or Table B1 of Wolf et al. (2010), the 3D and 2D
Plummer’s half–light radii are related to each other by
r1/2 = (2
2/3−1)−1/2 r2D
so that
b? = r2D = (22/3−1)1/2r1/2 ≈ 0.766×0.375∼ 0.29 kpc,
which is close to the value used by Breddels et al. (2013).
Regarding the stellar mass, we adopted M? = 106 M as
in Breddels et al. (2013).
2.4 N-body parameters
The softening for the N-body simulations was chosen by per-
forming the following three–step procedure. First of all, we
applied the method used in Villalobos & Helmi (2008), ob-
taining a theoretical optimal softening parameter of τ ∼ 16
pc for our situation of N = 106 dark matter particles. Af-
terwards, we checked that our realization of the Plum-
mer sphere, satisfies the scalar virial theorem, obtaining
2T/|V |= 1.00311 for τ = 16 pc and 2T/|V |= 0.99986 for τ = 0
pc, where T and V are respectively the kinetic energy and
the virial2 of the system. At last, we verified numerically
the stability during a Hubble time of our isolated progeni-
tor. We set the maximum time step to be ∆tmax = 1 Myr and,
following the standard criterion of gadget-2 (Appendix A2
of Villalobos & Helmi 2008), we obtained an effective time
step of ∆teff = 0.4 Myr during the whole integration.
3 ANALYSIS
The aim of our analysis is to determine how the presence of
chaos affects our ability to detect tidal streams using data
from surveys such as Gaia (de Bruijne 2012; Banik et al.
2018) or the future Large Synoptic Survey Telescope (LSST
2 The virial for a gravitational system of N particles with soft-
ening τ is equal to
V = −G
N−1
∑
i=1
N
∑
j=i+1
mim j
(r2i j + τ2)1/2
+ τ2G
N−1
∑
i=1
N
∑
j=i+1
mim j
(r2i j + τ2)3/2
where ri j ≡ |ri−r j|, and ri and mi are respectively the position and
mass of the ith–particle. Note that for a null softening, the virial
is equal to the potential energy.
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Figure 2. Convergence test of the detectability criterion. Left:
Dependence of the time average of the fraction of detectable
stream mass, 〈Md〉, with respect to the initial stellar mass of the
satellite, M?, as a function of the resolution, for satellites #1 to
#10.
Science Collaboration et al. 2009). In order to do that, we
need to specify both stream membership (i.e. whether stars
in our simulations belong to the progenitor or form part of
a stream) and a detectability criterion.
3.1 Characterization of streams: membership and
detectability
For each simulated satellite, we will define its associated
stream in terms of the relative distance between the stellar
particles and the centre of mass of the satellite in configura-
tion space. The centre of the satellite at time t is defined as
the instantaneous centre of mass of the five particles that,
at the begining of the simulation, are the most bounded.
According to the definitions given in the previous section,
the degree of boundedness of each particle at the beginning
of the simulation is computed using the Plummer potential.
At every time t, we define the stream as the set of particles
that for any previous time t ′ < t departed from the centre of
the satellite in more than 5 kpc. The progenitor at time t
is defined as the complement of the stream; that is, as the
set of particles that have always (for all t ′ < t) been inside a
sphere of radius 5 kpc. We selected this value because it is
large enough in order to include all the initial stellar mass
of the progenitor and small enough in order to follow stellar
streams as soon as they are formed.
Next we define a detectability criterion based on con-
figuration space data. From an observational perspective we
would observe the stellar mass distribution in configuration
space of the total stellar halo, ρtotal, and would compare it
with a model of the background stellar halo distribution,
ρhalo, trying to identify significant overdensities. We clasify
a stream particle as detectable if
d ≡ ∆ρ
n E(∆ρ)
> 1, (6)
where
∆ρ = ρtotal−ρhalo (7)
is the halo overdensity (i.e. stream density), E(∆ρ) is an
estimation of the error in the determination of ∆ρ and n is
the statistical significance of the detection. These formulae
are equivalent to saying that a stellar particle is detectable
whenever the signal-to-noise ratio of the overdensity is larger
than the desired detection significance.
The overdensity was estimated from the N-body sim-
ulations on a grid of size h with a triangular shaped cloud
(TSC) scheme (Hockney & Eastwood 1988). The selection
mechanism of h will be explained ahead in this section. Ac-
cording to Eqs. 6 and 7, in order to calculate E(∆ρ), we
need to take into account separate contributions from the
estimations of the density of both the background stellar
halo of the MW and the total stellar halo (which includes
the stream particles):
E(∆ρ) =
[
E2(ρtotal)+E2(ρhalo)
]1/2
. (8)
To estimate the component E2(ρhalo) associated to the stellar
halo, we model the halo density with a powerlaw distribu-
tion:
ρhalo(r) =
A
(r/R)u
, (9)
where A and u are free parameters and R is the Sun’s
galactocentric distance, for which we take a standard mean
value R = 8 kpc. We assume that the two free parame-
ters in this definition are independent of the velocity and
adopt mean values from Hernitschek et al. (2017): (A,u) =
(105 Mkpc−3,3.5), which were obtained from the distribu-
tion (renormalized) of RR Lyrae. The associated variance
can then be computed taking into account standard error
propagation:
E2(ρhalo) =
=
[
∂ρhalo
∂A
]2
E2(A)+
[
∂ρhalo
∂u
]2
E2(u)+
[
∂ρhalo
∂R
]2
E2(R) =
= ρ2halo
[
E2(A)
A2
+ ln2(r/R)E2(u)+
u2
R2
E2(R)
]
, (10)
where E(A), E(u) and E(R) are the standard deviations
of the fitted model parameters. We will present our main
results assuming hypothetical 1% errors and will analyse the
impact of larger errors in Sec. 4.3. According to Eq. (10), 1%
errors in the parameters correspond to a total error in the
density of 0.5–2.5%, for distances between 10 and 80 kpc,
respectively.
In order to model the error E(ρtotal) that corresponds
to the observed density, we consider Poissonian noise, while
approximating the mass m? of every star to be equal to one
solar mass. As the number of stars in a given cubic cell of
volume h3 is
N(r) =
h3
m?
ρtotal(r), (11)
and its shot noise is E(N) =
√
N, we have that the squared
shot noise of the total density is
E2(ρtotal) =
[m?
h3
E(N)
]2
=
m?
h3
ρtotal. (12)
The total density in this equation corresponds to the ob-
served density. Since we are not working with a full mock
halo catalogue, we estimated the total halo density with the
MNRAS 000, 1–13 (2019)
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addition of both the theoretical density of the stellar halo of
the MW and the density of the mock stream:
ρtotal = ρhalo +∆ρ. (13)
Once we obtained all the necessary components of the error
and densities on the grid, we calculated the detectability
criterion defined in Eq. 6 on the grid and interpolated back
to the particles of the simulation afterwards with the same
TSC scheme employed for the density estimation. Note that
a similar criterion was applied to SDSS-Gaia Catalogue data
by Myeong et al. (2018) in the velocity space.
For the significance parameter, we chose a value n = 4,
which implies a confidence in the detection of more than
99.99%. The only parameter that remains to be fixed is the
grid spacing h. While the error associated to the halo is inde-
pendent of h, the stream density and the shot noise compo-
nent of the error do depend on it (both of them grow when
increasing the resolution). This implies that either the shot
noise dominates (for small h values) or the overdensity is
very small (for large h). So the detectability parameter de-
creases towards very high or very low resolutions. In order
to quantify these effects, we performed a convergence test
whose result is summarized in Fig. 2. The points correspond
to the time average of the fraction of stars that are detectable
as a function of the spatial resolution as obtained from the
simulations #1 to #10. The values decrease towards very
high or very low resolutions, having their maximum at h∼ 1
kpc, which is the value we use for the rest of our analysis.
The detectability criterion we have defined corresponds
to an idealized observation. Some of the characteristics of a
true detection that are not considered by our model are: the
use of local background volumes, use of generalized spaces
with dimension higher than three, binning determined by the
uncertainties of the observed quantities, samples restricted
to luminous evolved stars and mass function dependence.
4 RESULTS
We now summarize the results that we obtained from our
simulations on the evolution of the streams an the impact
of chaos on our ability to detect them.
4.1 Visual appearance of the simulated streams
Fig. 3 shows examples of four specific streams (from satel-
lites #3, #6, #8 and #9) at 5 and 10 Gyr, projected in
the plane (x,z) and colour coded according to d − 1. Our
algorithm classifies yellow and red particles as detectable,
and blue and green ones as non detectable. The black colour
stands for the threshold situation. In order to sample the
particles in agreement with their stellar content, we have
classified the particles into five stellar mass ranges in M
units: 0.4–1.5, 1.5–5, 5–10, 10–50, 50–120, and plotted them
using one every 20, 10, 5, 2, 1 particles, respectively. We have
not plotted particles with less than 0.4 M. The top labels
characterize whether the stream as a whole has high or low
detectability, according to its total detectable stream stellar
mass Md , which is written at the bottom of each panel. It
is worth noticing that satellites #8 and #9 at 5 Gyr have
most of their detectable stars concentrated in their respec-
tive progenitors so that these stars do not contribute to Md
at all.
A priori, one would expect that the stars that escape
from a progenitor whose trajectory is in a chaotic region of
phase–space will quickly diffuse and not form a detectable
stream. However, we find very well defined streams in both
chaotic and regular cases. In fact, we can see that there
are snapshots of chaotic and regular streams that look like
similar to each other, with regards to the detectability dis-
tribution in the sky. This suggests that, if there is any effect
of chaos on the detectability, it must be subtle.
4.2 Three stages in the life of the streams
In order to better understand the results shown in Fig. 3
we analysed integrated quantities as a function of time. The
panels in Fig. 4 show the outcome of such analysis for each
satellite separately. The identification numbers shown in the
upper-left corner of each panel correspond to the same IDs
shown in Table 1. The orange and green curves are the to-
tal dark matter and stellar masses of the stream, while the
blue curves are the stellar mass of the stream that can be
detected by our algorithm (i.e. Md). All the curves are nor-
malized with the corresponding initial mass of the progen-
itor (M? or MDM). The strong oscillations that we find in
the blue curves can be analysed considering that when the
particles detach from the progenitor due to the host tidal
force, their dynamics becomes approximately that of an en-
semble of test particles in the halo of the host galaxy. Thus,
when a portion of stream is approaching its pericentre, it
is expanded in coordinate space and when approaching its
apocentre it is compressed. Therefore, the stream density,
and consequently its detectability, present oscillations whose
period correspond to the radial orbital period of the satel-
lite. As we are not interested in this phenomenon, but on
the overall properties of the detectability of the streams, we
filtered these oscillations in Fourier space using the following
empirical kernel:
W (ν ,c,s) =w(ν ,c,s)w(ν ,−c,s),
w(ν ,c,s) =1− 1
1+[(ν− c)/s]10 , (14)
where ν is the coordinate in Fourier space (i.e. frequency)
and we assume (c,s) = (1.5,1) Gyr−1. These values enable
us to reduce the effects associated to the radial orbital fre-
quency of the satellites and at the same time, maintain
the main features of the detectability curves. The resulting
curves are shown in red in Fig. 4.
Except for satellites #11 and #12, whose orbits are too
far away from the host galaxy to form detectable streams,
all the curves have similar qualitative behaviour. It is possi-
ble to identify three distinct phases in the evolution of the
detectable part of the stream:
• Quiet formation: since the streams are formed by ma-
terial that comes from the instantaneous outer layers of the
progenitor and the stellar component is more concentrated
than the dark matter one, most of the mass loss in the early
phase belongs to the dark matter component of the satellites.
The release of stars is slow and thus, the stellar streams are
not detectable.
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Figure 3. Examples of streams at times 5 Gyr (top) and 10 Gyr (bottom) with high (left) and low (right) detectable stream mass Md .
The projection shown is the (x,z), colour coded with d−1. According to Eq. 6, the detectable stars are coloured red or yellow while the
undetectable stars are coloured blue or green. The satellite number is given in the top–right corner of each panel, and Md is given at the
bottom of each panel. Note that among the yellow particles, the ones that belong to the progenitor do not contribute to Md . We also
classify the orbits of the progenitors as regular or chaotic.
• Violent formation: when about 80% of the total dark
matter mass of the progenitor is lost, the remaining core
still contains the 60% of the initial stellar stellar mass of the
progenitor (M?). So at this point, the mass of the detectable
portion of the stream increases abruptly up to a fixed value.
This process is further enhanced by the fact that the po-
tential well decreases while the particles are tidally removed
from the progenitor.
• Diffusion3: once the progenitor is completely destroyed,
the flow of mass into the stream ceases. Diffusion in phase-
space dominates, reducing the density of the stream, with a
consequent decline of the detectability curves. Most of the
stellar stream mass becomes undetectable by the end of this
last stage.
Thus, the detectable mass of a stream depends on both the
rate of expulsion of stars from the satellite and the diffusion
rate. The larger the former and the smaller the latter during
a given time interval, the more detectable mass we will have
3 We use the term diffusion to mean a process of spreading out or
divergence of deterministic orbits with nearby initial conditions.
Similar approaches have been used in the study of chaotic diffu-
sion in Hamiltonian systems by Guzzo et al. (2018); Cincotta et al.
(2014); Cordeiro (2006); Cordeiro & Mendes de Souza (2005).
in the stream at the end of that interval. It should be noticed
that all the streams reach a detectability peak between 30%
and 40% of M?. A consequence of this is that only a lower
bound of the satellite’s original stellar mass can be obtained
when counting stream stars in surveys.
It would be interesting to asses how the scheme of three
stages here presented is modified when the halo of the pro-
genitor is cuspy instead of cored (Errani et al. 2015).
4.3 Impact of chaos in the life of the streams
While the behaviour described above is the same for almost
all the satellites, details of the transitions between differ-
ent regimes depend on the orbital properties of the satellites
(including their chaoticity). For instance, the red curves in
Fig. 4 show that the jump in detectable mass occurs at ear-
lier times for satellites with smaller apocentric distances.
We quantify this by estimating the formation time of the
streams tf as the first instant in which the filtered detectabil-
ity curves (red curves in Fig. 4) reach half of their historical
maxima. Fig. 5 shows the dependence of this quantity with
the smallest pericentric distance rs that the satellite reached
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Figure 4. Temporal evolution of stream masses: total dark matter (orange), total stellar (green), detectable (blue) and filtered detectable
(red), all of them normalized by the initial mass of the progenitor (MDM or M?). The satellite number is placed in the top–left corner of
each panel. The two columns to the left and the two to the right correspond to chaotic and regular orbits of the progenitors respectively.
Each row corresponds to different apocentric radii of the initial conditions (smaller apocentres above).
Figure 5. Formation time, tf, of stellar streams as a function
of the smallest pericentric distance, rs, that takes place before
tf. Each point in this figure corresponds to a different satellite,
identified with a label. Chaotic and regular satellites are marked
respectively with circles and squares. Since satellites #11 and #12
do not form detectable streams, we exclude them from the plot.
earlier than tf 4. For this simulation suite, in which the ini-
tial internal structure of the progenitors is the same, the
4 Note that although rmin (defined in Table 1) and rs are similar
quantities, they differ in two aspects: (i) the former is computed
using the symplectic orbit that corresponds to the initial condition
dominant effect that decides when the streams are formed
is the typical pericentric distance of the orbits. Progenitors
in orbits with smaller pericentres feel stronger tidal forces,
so that their associated Roche lobes shrink faster, favoring
the release of stars. Consequently, orbits with smaller peri-
centres tend to form detectable streams faster than orbits
with greater pericentres. In Appendix A we prove with high
significance the existence of a weak correlation between L
and rmin for a large sample of test orbits, which in combi-
nation with the rs–t f correlation implies the existence of a
weak L–t f correlation (progenitors in chaotic orbits tend to
disrupt faster than those in regular orbits).
Now we will study whether chaos has got any measur-
able contribution to the process of reduction of the stream
observability. The speed with which the detectability of the
stream decreases after its historical maximum should de-
pend on how fast the diffusion occurs in phase–space. Since
the stars that leave the progenitor behave essentially as test
particles in the Milky Way halo, their posterior evolution
depends on the properties of the galactic potential, which
determines the diffusion rate. Regions of the phase–space in
which the orbits are regular or chaotic will be associated to
diffusion with power law or exponential temporal dependen-
cies respectively (Kandrup 1998). It is expected that streams
that are originated in satellites that move in chaotic orbits
will be more affected by this process and will reduce more
for the progenitor while the latter is computed using the definition
of the centre of mass of the progenitor given in Sec. 3.1; (ii) the
former considers a Hubble time of integration while the latter
considers only times up tf.
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Figure 6. Average detectability of stellar streams, 〈Md〉, as a
function of the Lyapunov exponent L. Each point in this figure
corresponds to a different satellite, identified with a label. Chaotic
and regular satellites are marked respectively with circles and
squares. The satellites #8 and #9 were not included in this figure
because their formation time is so late that the regime of diffusion
is not well developed.
Table 2. Correlation coefficients, Cx and Cv, between L and 〈Md〉
as a function of the relative error using δ = E(A)/A = E(u)/u =
E(R)/R = E(B)/B= E(σ)/σ . The significance Ls is provided be-
tween braces.
δ [%] Cx {Ls} Cv {Ls}
1 -0.85 {0.5} -0.84 {0.6}
2 -0.73 { 3} -0.61 {10}
3 -0.62 { 9} -0.37 {36}
4 -0.54 {15} -0.24 {56}
5 -0.48 {22} -0.09 {85}
rapidly the amount of detectable mass. This will in turn
also decrease the mean time interval in which the streams
can be detected. We confirm this reasoning by plotting the
time average of the detectable mass 〈Md〉 against the Lya-
punov exponent L of the trajectory of the progenitor (see
Fig. 6). The trend is that the larger the value of L (i.e. the
larger the degree of chaos in the surroundings of the progen-
itor), the smaller 〈Md〉, and so, the smaller the probability
of detecting the stream. In order to have a quantitative esti-
mate of the effect of chaos on the detectability, we have also
computed the average of 〈Md〉 over both the regular and the
chaotic streams, finding values of 0.13 and 0.07, respectively.
Thus, the presence of chaos reduces the amount of average
detectable mass in a 50% approximately.
In order to explore the correlation when increasing the
value of the errors assumed for the parameters of the stel-
lar halo distribution (A, u and R), we computed 〈Md〉 for
a cubic grid of errors between 1% and 5% and found that
〈Md〉 decreases when increasing any of these three parame-
ter errors. Table 2 shows the Pearson correlation coefficient
Cx, between L and 〈Md〉, as a function of the relative error.
We also provide the level of significance Ls, defined as the
probability of rejecting the zero hypothesis (i.e. Cx = 0) when
it is true. Inspecting at this table it can be stated that for
δ = 1% we can reject the zero correlation hypothesis with
a certainty better than 99%, while for δ = 2% this can be
done at most with a certainty of 97%. When increasing the
value of δ , the significance of the correlation drops below
95% which is our addopted threshold value. For this reason,
the test can not certify the existence of the correlation for
values of the errors larger than 2%. Much significance could
be gained by increasing the number of simulated streams.
Summing up, if the model of the stellar halo density in con-
figuration space is known with a precision ≤ 2%, then the
probability of detecting a stellar stream is larger for regular
orbits than for chaotic ones.
4.4 Parallel results using the velocity space
Milky Way surveys provide information not only in config-
uration space, but also in velocity space. Thus, it may be
worth asking whether our findings persist when perform-
ing the analysis in velocity space. We have performed a
parallel detectability analysis using velocity distributions as
in Myeong et al. (2018). This time the halo density is mod-
elled with a Gaussian distribution:
ρhalo(v) = Bexp
[
−v2/(2σ2)
]
. (15)
Throughout the analysis, we assumed that the two free
parameters in this definition are independent of the posi-
tion in configuration space and addopting the values B =
109/(2piσ2)1.5 M(km/s)−3 and σ = 150 km/s, which is con-
sistent with De Lucia & Helmi (2008) and with Myeong et al.
(2018), respectively.
Fig. 7 shows the time evolution of the filtered detectable
mass of the coordinate approach (in red as in figure 4)
and the velocity approach (in black). We see that both be-
haviours are pointwise similar so that the three stages in the
life of a stream presented in Sec. 4.2 are recovered. Neverthe-
less, there is a slight variation in the maximum detectability
peak attained, that in this case is about 40%–50% M?.
When comparing figures 6 and 8, it can be noticed that
the results on both spaces are closely similar. The coefficient
Cv in Table 2 was computed analogously to Cx but in velocity
space. The results are compatible with those presented in
Sec. 4.3, where the significancy is better than 95% as long
as δ ≤ 1%. This is another example of the robustness of the
detectability criterion presented in this work.
5 CONCLUSIONS
The objective of this paper is to study theoretically the influ-
ence of chaos on the detectability of Galactic stellar streams.
For this purpose, we analysed a suite of 12 simulations of
minor mergers. In all of them the host galaxy was mod-
elled with a triaxial generalization of the NFW profile and
the satellites were modelled with a Plummer sphere with
parameters that resemble the Sculptor galaxy. The only dif-
ference between these experiments was the initial condition
of the centre of mass of the progenitor. Half of these initial
conditions were chosen to give birth to chaotic orbits while
the rest were chosen so that their corresponding orbits were
regular. The chaoticity had previously been determined by
computing the largest Lyapunov characteristic exponent L
of each orbit.
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Figure 7. Temporal evolution of filtered detectable stream mass using coordinate (red) and velocity (black) spaces, normalized with
M?. The satellite number is placed in the top–left corner of each panel. The two columns to the left and the two to the right correspond
to chaotic and regular orbits of the progenitors respectively. Each row corresponds to different apocentric radii of the initial conditions
(smaller apocentres above).
Figure 8. Same as Fig. 6 but using a detectability criterion in
velocity space.
Each satellite was embedded in the host halo poten-
tial and was evolved with a self–gravitating N–body code
(Gadget-2). These tidal stream simulations were analysed
with a detectability criterion that depends on the stream
stellar density and on a smooth model of the density of the
stellar halo. This criterion works independently with either
configuration or velocity data, giving similar outcomes.
We found that the evolution of the detectability (de-
tectable mass Md) of the stellar stream goes through three
distinct stages: quiet formation, violent formation and diffu-
sion. During the initial phase the satellite looses most of the
outer layers of its dark halo, but just a small proportion of its
total stellar mass. The rate of stellar stream formation is low
until the progenitor has lost about 80% of its dark matter
halo when this rate abruptly increases, setting in the begin-
ning of the violent formation stage. All the stellar streams
reach now a detectability peak of magnitude between 30%
and 40% of the original stellar mass of the satellite for the
detectability criterion applied in configuration space. For the
criterion in velocity space, this quantity ranges between 40%
and 50%. These upper bounds imply that counting stream
stars leads to a considerable underestimation of the initial
mass of the progenitor.
Hamiltonian diffusion, which is always present and
tends to wash out the stream structures, becomes dominant
when the stellar injection stops due to the total disruption
of the progenitor. This event settles the diffusion stage that
is characterized by a decay of Md . The fact that Md de-
cays faster for a stream whose progenitor behaves chaotically
than for those associated to regular orbits, is captured in the
existence of a correlation between the Lyapunov exponent L
and the temporal average of the detectability 〈Md〉.
Through a significance analysis of the correlation, it was
found that the previous result is valid as long as the errors
in the stellar halo model parameters are smaller than about
1%. In other words, with our criterion and model errors of
1%, chaos reduces the detectability. Consequently, if a host
galaxy has a significant proportion of chaotic orbits and if
we are working with a model and star count data highly
precise (e.g. . 1%), the probability of detecting streams will
be proportionally lower.
As the satellite destruction time is correlated with the
chaoticity through its dependence on pericentric distances,
MNRAS 000, 1–13 (2019)
Effects of chaos on the detectability of stellar streams 11
the proportion of chaotic orbits should have also incidence
in statistical studies of the number of dSph satellites. For
example, ensembles of progenitors in chaotic trajectories will
tend to disrupt and form streams faster than progenitors in
regular ones.
APPENDIX A: CORRELATION BETWEEN
CHAOS AND PERICENTRIC DISTANCE
For 19810 test particle orbits that densely sample the orbits
whose initial conditions are displayed in the middle panel
of Fig. 1 (i.e. for rapo = 50 kpc) we have plotted their val-
ues of the largest Lyapunov exponent at finite time L versus
their smallest pericentric distances attained during a Hubble
time rmin, in the central panel of Fig. A1. We also show the
corresponding marginal distributions with blue histograms,
noticing a peaked clump of regular orbits for log(L).−4.55
(L . 0.01). The right hand side border of this clump can
be used to divide the log(L)− rmin plane approximately into
chaotic and regular orbits, with the aid of a green line. Con-
sidering only the chaotic orbits, we have made the corre-
sponding marginal histograms in orange colour, from which
it can be deduced that chaotic orbits have a larger proba-
bility of reaching smaller pericentric distances than regular
ones.
In order to give futher support to this result, we have
classified the points into four sets according to the thresh-
old values of log(L) =−4.55 and rmin = 7 kpc (horizontal red
line). We counted the number of points in each set (clock-
wise and starting from the top–left set): 8949, 2959, 5380 and
2522, respectively. Moreover, we have computed the corre-
lation coefficient between L and rmin, obtaining a value of
r = −0.34. and the Student test gave a significance level of
α = 0%, implying that there is certainly a non zero correla-
tion between both quantities.
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